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Abstract. We present a new theoretical approach to attosecond laser-
assisted photo- and Compton ionization. Attosecond x-ray absorption and
scattering are described by Sˆ (1,2)-matrices, which are coherent superpositions
of “monochromatic” Sˆ(1,2)-matrices in a laser-modified Furry representation.
Besides refining the existing theory of the soft x-ray photoelectron attosecond
streak camera and spectral phase interferometry (ASC and ASPI), we formulate
a theory of hard x-ray photoelectron and Compton ASC and ASPI. The
resulting scheme has a simple structure and leads to closed-form expressions
for ionization amplitudes. We investigate Compton electron interference in the
separable Coulomb-Volkov continuum with both Coulomb and laser fields treated
non-perturbatively. We find that at laser-field intensities below 1013 Wcm−2
normalized Compton lines almost coincide with the lines obtained in the laser-
free regime. At higher intensities, attosecond interferences survive integration over
electron momenta, and feature prominently in the Compton lines themselves. We
define a regime where the electron ground-state density can be measured with
controllable accuracy in an attosecond time interval. The new theory provides
a firm basis for extracting photo- and Compton electron phases and atomic and
molecular wavefunctions from experimental data.
1. Introduction
Attosecond science began in the 21st century starting with the experiment [1] where a
train of 250 attosecond radiation pulses was obtained, and the measurement [2] which
indicated a soft-x-ray pulse duration of 650±150 attoseconds (asec). Fundamental to
the generation process, the attosecond pulses are synchronized with the infrared field.
This precise synchronization between the soft x-ray attosecond pulse and an intense
laser field is prominent in attosecond science. The infrared field can provide the
nonlinearity needed for measurement of attosecond pulses [3, 4, 5, 6] and investigation
of attosecond phenomena in physics, chemistry and technology [7]. The current state
of the theory and experimental techniques in attosecond metrology is summarized in
recent reviews [8, 9].
Recent developments in ultrafast hard x-ray sources demonstrate that it is
technically feasible to generate hard x-ray attosecond pulses in the A˚ngstro¨m
wavelength range [10, 11, 12, 13, 14, 15] with free-electron lasers (FELs). At the
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very heart of these proposals is the temporal synchronization scheme between the
FEL and an external source—the so-called seeded attosecond x-ray radiation [11].
The radiation of a relativistic electron interacting with a co-propagating tightly
focused high-power laser has also been investigated [16]. This scheme can be used for
attosecond/femtosecond source in the hard x-ray region of 10–100 keV.
Besides the laser-assisted attosecond photoionization, other hard x-ray radiation
is involved in physical phenomena exhibiting dynamic response on the attosecond time
scale, which has not been explored so far. We analyze one such process—Compton
ionization. The relative contributions of the photo- and Compton ionization processes
are sensitive to the incident photon energy ~Ω and ionization potential Ip. In the
case of a weakly bound electron (Ip  ~Ω), Compton ionization prevails at incident
photon energies of [17]
~Ω & 3(Za)8/7keV, (1)
where Za denotes the exponential coefficient in the initial electronic wavefunction near
nucleus‡ |i〉 ∝ exp (−Zar).
Soon after Compton’s discovery [18], Du Mond [19] suggested an explanation
of Compton scattering by bound electrons. He proposed the so-called impulse
approximation: a bound electron is assumed to be “nearly” free, and its initial
momentum distribution gives rise to broadening of Compton lines. Eisenberger and
Platzmann [20] developed the non-relativistic quantum-mechanical theory of Compton
profiles, thus justifying the Du Mond’s hypothesis.
Recent advent of high-brilliance synchrotron radiation sources turned Compton
scattering experiments into a powerful direct probe of the electronic and magnetic
structure of materials [21]. Its high precision permits accurate measurements of the
electron momentum density of atoms, molecules and extended solids, stimulating
developments of the theory of many-body systems. The three-dimensional electron
momentum density can be either reconstructed from the measured Compton profiles,
or acquired directly with the (γ,eγ) technique—the coincident detection of the
scattered x-ray photon and the recoil electron [22].
With the practical attosecond hard x-ray sources becoming available, it is essential
to generalize the Compton profile theory to the attosecond regime. It is also necessary
to extend the ideas of ASC and ASPI to the hard x-ray range. Transferring these
techniques to laser-assisted Compton ionization is far from trivial. The photon is
scattered, not absorbed, by the weakly bound electron, leading to a quite distinct
theoretical description. In spite of these complications we will show that the Compton
electron contains complete phase information on the incident pulse provided that we
select the momentum of the scattered photon.
We formulate an analytic theory of laser-assisted attosecond hard x-ray absorbtion
and Compton scattering. We concentrate on Compton ionization, as a relatively more
complicated process. To obtain the appropriate semi-relativistic scattering matrix, we
generalize the theory [23] of monochromatic photon scattering by a bound electron
and incorporate the separable Coulomb-Volkov continuum [24, 25] into the Furry
representation [26]. Using hydrogen atom as an example, we analyze the Compton
ASC and ASPI and demonstrate the feasibility of measuring Compton profiles in
attosecond laser-assisted regime. We show that Compton electron spectra depend on
the phase of the laser field relative to the x-ray attosecond pulse, just as in the familiar
‡ Unless stated otherwise, the Hartree atomic units (a.u., |e| = me = ~ = 1 and the velocity of light
c ≈137.036) are used below.
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photoelectron case [3, 4, 5, 6]. Thus, the relative phase of all frequency components of
the attosecond pulse can be determined from the spectrum of Compton electrons.
Finally, we analyze laser-assisted Compton lines and define a regime where the
linear relationship holds between the attosecond Compton lines and monochromatic
Compton profiles.
2. Theory
2.1. Laser-free Compton scattering
As is well established in traditional quantum electrodynamics, a general solution
of Maxwell equations can be represented as a superposition of plane waves. If
electromagnetic field is confined to a cubic box of volume V , the photon momentum
Q can have only discrete values, Qn ∼ nV −1/3 (n = 0,± 1,± 2,...). The set Qn
approaches a continuum when V →∞; thus, the sum over kn transforms into a three-
dimensional Fourier integral. To describe the potential of the initial (attosecond)
photon state, we employ the following general representation:
A1(r, t) = e1
∫
d3q
∫ ∞
−∞
dω
F (q, ω)√
Ω′1
eik
′
1r−iΩ′1t, (2)
where e1 is the polarization vector, k
′
1 and Ω
′
1 are momenta and energies of the
incoming photons respectively, Ω′1 = Ω1 + ω, Ω1 is the central frequency, k
′
1 = k1 + q
and k′1 = Ω
′
1/c. Without loss of generality, we fix the momentum of the scattered
photon (the direction and frequency), so that the potential of the final photon state
is represented by a plane wave:
A2(r, t) = e2c
√
2pi
V Ω2
eik2r−iΩ2t, (3)
where k2 and Ω2 are the momentum and energy of the outgoing photon and k2 = Ω2/c.
Now we define the generally unknown function F (q, ω). We confine ourselves
to the experimental setup where the direction of the momentum k′1 is fixed. In this
geometry, equation (2) contains only a one-dimensional integral over q. We utilize
the well-established Furry representation [26], used previously for the analysis of
monochromatic photon scattering by a bound electron [23], to obtain the Sˆ (2)-matrix
element describing attosecond Compton scattering:
S
(2)
fi ∝
∫
dq
∫
dt1
∫
dt2
∫
dω
∫
dν
F (q, ω)√
Ω′1
× [ei(Ef+Ω2+ν)t2−i(Ei+Ω′1+ν)t1S1(ν)
+ ei(Ef−Ω
′
1+ν)t2−i(Ei−Ω2+ν)t1S2(ν)], (4)
S1(ν) =
∑
s
〈f | bˆ2 | s〉〈s | bˆ1 | i〉
Es + ν
, (5)
S2(ν) =
∑
s
〈f | bˆ1 | s〉〈s | bˆ2 | i〉
Es + ν
. (6)
where bˆ1 = eˆ1e
ik′1r, bˆ2 = eˆ2e
−ik2r, eˆ1,2 = −ˆ→γ · e1,2, γˆµ are the Dirac matrices (µ =
1, 2, 3), |s〉 are the intermediate electron states with energies Es and |i〉 and |f〉 are
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the initial and final states with the energies Ei and Ef respectively. The “attosecond”
Compton Sˆ (2)-matrix describing the laser-free regime is a coherent superposition
[through the integrals over q and ω in formula (4)] of the “monochromatic” Sˆ(2)-
matrices in the Furry picture. The matrix Sˆ(2) is represented by upper diagrams in
figure 1. Labels 1 and 2 in figure 1 correspond to the initial and final electron and
photon states respectively. The four-dimensional vectors x1,2 are (r1,2, ict1,2). Dotted
lines correspond to photon states, and solid lines describe electron states. ψ1,2(x1,2)
and S
(e)
c (x1, x2) are the electron wavefunctions and Green’s function.
Integration in the S
(2)
fi -matrix element leads to δ-functions, one of which fixes
the parameter ω. Having fixed ω, we also set the momentum k′1, i.e. remove the
integral over q. Now we select the initial x-ray pulse as a sum of linearly chirped
Gaussians with a characteristic temporal duration τ (cf with the case of attosecond
photoionization [24, 25]):
A1(r, t) = e1Dc
√
V
∫ ∞
−∞
R(ω)√
Ω′1
eik
′
1r−iΩ′1tdω, (7)
where the general attosecond interference factor R(ω) is determined by the replica
weights ζk as
R(ω) = e−(1−iξ)ω
2τ2/2
∑
k
ζke
iωtk , (8)
where tk is time of the replica maxima, D is V
−1A0τ
√
1− iξ, A0 is the amplitude
of the pulse and ξ is the dimensionless chirp. Equations (7) and (8) describe a set
of attosecond pulses with the bandwidth invariant to the dimensionless chirp ξ. The
individual pulse duration is τFWHM = 2τ
√
ln 2
√
1 + ξ2.
Starting with equations (3)–(7), we obtain the following expression for the Sˆ (2)-
matrix element which describes attosecond Compton scattering:
S
(2)
fi = − (2pi)5/2iDR(ω)U (2)fi , (9)
U
(2)
fi = (Ω
′
1Ω2)
−1/2[S1(ν1) + S2(ν2)], (10)
with ν1 = −Ei − Ω′1, ν2 = −Ei + Ω2 and ω = Ef + Ω2 − Ei − Ω1. We will further
consider semi-relativistic Compton ionization wherein
ω ≡ ω1 = p2/2 + Ip + Ω2 − Ω1 (11)
and p is the asymptotic value of Compton electron momentum at infinity. A closed-
form expression is available for the transition matrix element, provided that weakly
bound electron, Ip/Ω
′
1  1, semi-relativistic photon energies, Ω′1/c2  1, and Za/c
1 are assumed. The matrix elements in the numerators of Ufi determine the degree
of contribution of different intermediate states |s〉 to sums (5) and (6). If the initial
electronic state with the effective charge Za is non-relativistic, pi ∼ Za  c, then only
the intermediate states with non-relativistic momenta and energies, ps . Za + Ω′1/c
and | |Es| − c2| . Ip + (Ω′1/c)2, contribute to the amplitude Ufi. Note that one
should neglect the second-order terms with respect to the small parameters Za/c,
Ω′1/c
2 and Ip/Ω
′
1, e.g. (Ω
′
1 − Ω2)/c2. However, such a first-order approximation is
not valid on the wings of the Compton line. Furthermore, one can also neglect the
terms | Ei,f − c2 | /c2 ∼ (Za/c)2 and || Es | −c2 | /c2 ∼ (Ω′1/c2)2. Following the
approach [27] originally developed for laser-free monochromatic Compton scattering
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(further details can also be found in [28]), one can obtain a first-order approximation
for the U
(2)
fi -matrix:
U
(2)
fi ≈M(2)fi (p) = 〈f | exp (ikr)[Gˆ0 + Gˆ1 + Gˆ2]|i〉, (12)
where the following notation is employed:
Gˆ0 = (Ω
′
1Ω2)
−1/2(e1 · e2), (13a)
Gˆ1 = (Ω
′
1)
−2[(e2 · k′1)(e1 · pˆ) + (e1 · k2)(e2 · pˆ)], (13b)
Gˆ2 = (1/2c
2){([e1 × e2] · −ˆ→γ )γˆ1γˆ2γˆ3}, (13c)
pˆ = −i−→∇ is the non-relativistic momentum operator and the vector k = k′1 − k2.
Terms Gˆ0 and Gˆ2 in equation (12) correspond to the sum over intermediate states |s〉
with negative energies (the positronic states: Es < 0), while Gˆ1 corresponds to the
sum over intermediate states |s〉 with positive energies (the electronic states: Es > 0).
It should be noted that the amplitude M
(2)
fi (p) can be used to study bound-bound,
bound-free and free-free electronic transitions.
2.2. Laser-assisted photo- and Compton ionization
Treating the IR laser field classically in the dipole approximation, we define its vector
potential as
AL(t) = − c
ω0
[
E1 sin(ω0t) +E2 cos(ω0t)
]
e−δ|t|, (14)
where ω0 is the laser-field frequency, the electrical field component E1 is along the
Cartesian z axis, while the vector E2 is along the x axis. The vector potential AL(t)
and electric field EL(t) = −(1/c)dAL(t)/dt are turned on adiabatically at t → −∞
and turned off at t→∞ (i.e., δ → +0).
For Compton ionization, we consider the semi-relativistic regime (12) with
electron transition from a laser-free bound state to the separable Coulomb-Volkov
continuum [24]. Accordingly, the ”attosecond” Compton Sˆ (2) matrix is a coherent
superposition of Sˆ(2) matrices describing laser-assisted monochromatic x-ray Compton
ionization. The corresponding Sˆ(2) matrix is represented by the lower, laser-modified
“seagull” diagram in figure 1. For photoionization, we consider the non-relativistic
regime.
The three-fold differential photoelectron spectrum and the six-fold differential
probability of Compton ionization can be written as
d3PPhoto
dpdOe
=
(4pi2p
c
)2
V |M(1)atto(p) |2, (15)
d6PComp
dpdOedΩ2dO2
≡ S(6)Comp =
(2pipΩ2)
2
c3
|M(2)atto(p)|2, (16)
where dOe = sin θedθedϕe and dO2 = sin θ2dθ2dϕ2 are the elements of solid angles
containing vectors p and k2 (p is the asymptotic value of electron momentum at
infinity). The amplitudes M1,2atto(p) are given by§.
M
(1,2)
atto (p) = − iD
∞∑
m,n=−∞
R(ω(1,2))M
(1,2)
fi (p)e
−inϕ0
× (−1)minJm(M1 −M2)Jn(N ), (17)
§ Derivation of the laser-assisted attosecond amplitudes follows the procedure [24, 25]. We use the
Fourier representation (7) and Jacobi-Anger expansion [29, 30] (see also, e.g., [31, 32]).
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where the Compton ionization amplitude M
(2)
fi (p) was given above, see formula (12),
and the monochromatic photoionization amplitude is
M
(1)
fi (p) =
i√
Ω′1
〈f | eik′1re1 · ∇ | i〉. (18)
The per-channel frequency defects for photo- and Compton ionization are respectively
ω(1) =
p2
2
+ Ip − Ω1 + [2(M1 +M2 +m) + n]ω0, (19)
ω(2) = ω1 + [2(M1 +M2 +m) + n]ω0. (20)
The argument of Bessel functions Jm(x) in equation (17) depends on M1,2 =
E21,2/(2ω0)
3. In the geometry, where two parameters N1,2 = p · E1,2/ω20 are not
zero simultaneously, the angle ϕ0 is defined by the equations cosϕ0 = N1/N and
sinϕ0 = −N2/N , where N =
√
N 21 +N
2
2 ; at N1,2 → 0 the sum on n in (17) tends
to unity.
3. Applications
There are many possibilities for measurement because Compton spectra depend on
the laser polarization and Compton scattering geometry. We illustrate the general
result (16) in the case of a linearly polarized laser field: EL = E1 and E2 = 0 in
equation (14); the laser wavelength is 800 nm. We consider Compton ionization by
an isolated attosecond x-ray pulse and by two replicas of the same pulse. A coherent
attosecond source of photons with the energy of ≈8 keV is becoming available at the
Linc Coherent Light Source [33]. For an illustration of the general expressions, we
confine ourselves to this experimental setup and consider the non-relativistic regime
where the central frequency of incident photon is Ω1=8 keV. The hydrogenic 1s state
is chosen as the initial electronic bound state. In the following, we present Compton
electron spectra as well as Compton lines in units of S0 = [(e1 · e2)A0/V ]2.
3.1. Compton electron spectra
The difficulty in measuring the temporal structure of x-ray pulses is mainly due to
the lack of efficient nonlinear processes that are scalable to shorter wavelength. The
x-ray photo- and Compton ionization of atoms in the presence of a strong laser field
circumvents this problem. The laser field then controls the motion of the electron
in the continuum. In the x-ray ionization process, a strong laser electric field acts
as an ultrafast phase modulator for the electron wavepackets. This effect can be
used to characterize the electron wavepackets and the ionizing x-ray fields. When the
x-ray pulse duration falls below one period of the laser field, one can induce a time-
dependent acceleration of electrons (i.e. streaking) or a time-independent acceleration
(i.e. spectral shearing of photoelectrons), depending on the phase of the laser field
with respect to the attosecond x-ray pulses. Both effects give opportunities to measure
attosecond x-ray pulses. With the photoelectron spectral shearing technique, one can
perform spectral phase interferometry of two electronic wavepackets ionized by two
identical but time-delayed x-ray pulses. This method makes it possible to retrieve the
spectral phase of the electron wavepackets and, thus, of the ionizing x-ray pulse.
In the hard x-ray scattering regime, due to approximate momentum conservation
p ≈ k′1−k2. Therefore, the outgoing continuum electron will preferably appear along
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k′1−k2. Accordingly, we choose the incoming x-ray momentum k′1 along the Cartesian
z axis and use the scattering geometry where θe = 10
◦, θ2 = 180◦ and ϕe = ϕ2 = 0◦.
In figures 2 and 3 we report the energy-resolved spectra of Compton electrons at
the laser field intensity I = 2 × 1012 Wcm−2. The scattered photon energy is fixed,
Ω2=7757 eV. This energy has been chosen in accordance with the value of hydrogen
ionization potential and the Compton’s formulae [18]
Ω2 = Ω1/(1 + µ) ≈ (1− µ)Ω1, Ee ≈ µ(1− µ)Ω1, (21)
where µ = (Ω1/c
2)(1− cos θ) and θ is the angle between k′1 and k2.
As in the photoelectron ASC, the strong laser field distorts the Compton electron
spectrum on a sub-cycle time scale. Figure 2 shows the Compton electron spectra
which are produced by a single x-ray pulses of 100 asec FWHM and different chirps.
Times of the pulse maxima are t1=0 (curves 1a, 1b and 1c) and t1 = pi/2ω0 (curves
2a, 2b and 2bc). The chirps are: ξ=0 (curves 1a and 2a), ξ=3 (curves 1b and 2b) and
ξ=-3 (curves 1c and 2bc). One can observe the dependence of the position of spectral
maximum and its amplitude on t1 and the chirp. The maximum streaking speed
occurs at the time where E1 sin(ω0t) is at an extremum. It is reflected in dependence
of the spectra on the sign of the chirp: in the case of t1=0, at different signs of the
chirp, we can clearly see the difference between spectra (curves 1b and 1c), while the
spectra calculated at t1 = pi/2ω0 and ξ = ±3 are identical (curve 2bc).
The energy shift between electron wavepackets, needed for complete phase
measurements, can be induced by laser-assisted Compton ionization. To demonstrate
the Compton ASPI, we show (figure 3) the Compton electron spectra generated by two
replicas of an attosecond pulse, each with 100 asec FWHM. Times of the pulse maxima
are t1=0 and t2 = pi/2ω0. Owing to time separation of pi/2ω0 between the replicas,
interference is observed in the spectral fringes. Its periodicity depends slightly on the
chirp and Compton electron energy, as is illustrated in figure 3(b). When the pulse
is positively chirped, the fringes shift to lower energies on the low-energy side of the
spectrum, and to higher energies on the high-energy side. To reconstruct the spectral
phase from the Compton electron spectrum, one would use the same algorithm as in
the photoelectron ASPI [5, 6].
For comparison, in figure 4 we show atomic energy-resolved Compton electron
spectra generated by longer x-ray pulses at different laser field intensities. Spectra
shown in figure 4(a) are generated by a single chirped (ξ=3) attosecond (τ=300 asec)
pulse arriving at t1=0. Spectra shown in figure 4(b) are generated by two replicas
of chirped (ξ=-3) attosecond (τ=300 asec) pulse arriving at t1=0 and t2 = pi/2ω0.
In both cases, curves 1–4 correspond to laser-free Compton ionization (1) and laser
intensities I2 = 3 × 1011 Wcm−2, I3 = 9 × 1011 Wcm−2 and I4 = 4 × 1012
Wcm−2 respectively. As in atomic attosecond photoionization [24, 25], it is possible
to distinguish five mechanisms contributing to the development of the Compton
interference pattern. Due to an interplay between a number of sequential and non-
sequential temporal and spatial interference mechanisms, the shapes and positions of
Compton electron peaks are strongly dependent on the relative orientation of field
polarization directions and other parameters of the fields. Positions of the individual
minima and maxima can be measured accurately and can be used to characterize both
fields, at least in principle.
Unified ab initio treatment of attosecond photoionization and Compton scattering 8
3.2. Attosecond Compton lines
We now consider the energy-resolved spectra of scattered photons, the Compton lines:
d3PComp
dΩ2dO2
≡ S(3)Comp =
∫
S
(6)
CompdpdOe. (22)
Note that matrix elements, containing the operators Gˆ1,2 in the amplitude (12), can
be omitted in the Compton line, since their contribution to the integral (22) is a
second-order correction. The first-order relativistic corrections to the Compton line
arise from the operator Gˆ0.
To take integral (22) numerically, we used 29th-order Lebedev grid [35] for the
angular part and equidistant momentum grid with the spacing of ≈ 1.5×10−3 a.u. We
verified convergence of the results by repeating selected integrals with the 47th-order
Lebedev grid [36] and ≈ 7.5× 10−4 a.u. momentum spacing.
Integration in formula (22) leads to the following result: for experimentally
realizable x-ray durations symmetric normalized Compton lines almost coincide with
the laser-free Compton lines for the same frequencies Ω1,2 and scattering angles θ (in
our case, at I . 1013 Wcm−2). Furthermore, the initial x-ray parameters such as chirp
and duration play a minor role at these moderate laser-field intensities. The question
immediately suggested itself: is there a regime where the differential probability
(22) is directly proportional to the monochromatic Compton profile d3σCP /dΩ2dO2
[20]? This situation is realized when (i) the oscillations inside x-ray pulse are quasi-
monochromatic and the laser fields are of moderate intensity; and simultaneously (ii)
the width of the Compton line due to the initial electronic bound state momentum
distribution [∆Ω
(b)
2 ∼ (Za/c)Ω1 sin(θ/2)] is much broader then the bandwidth of the
initial attosecond photon field [∆Ω
(atto)
2 ∼ ∆Ω(atto)1 ∼ 1/τ ],
τZaΩ1 sin(θ/2) c; (23)
and (iii) the main contribution to the scattering comes from the ionization channel.
Using the results obtained for monochromatic Compton line spectra [34], one can
find that, for the 1s initial electron state, with the accuracy which is higher than
experimental resolution, the last criterion becomes
~Ω1 sin (θ/2) ' 6ZakeV. (24)
Then the attosecond Compton lines (22) are given by
S
(3)
Comp ∝
d3σCP
dΩ2dO2
=
Ω2
Ω1
(e1 · e2)2
(2pi)3c4
×
∫
|Φi(p)|2δ(Ω1 − Ω2 − k
2
2
− k · p)d3p, (25)
whereas |Φi(p)|2 is the initial electron momentum density. It should be emphasized
that, as in the monochromatic case (details can be found in [28]), the accuracy of the
remarkable result for the Compton profile d3σCP /dΩ2dO2 in formula (25) is
δ ∼ Ip
Ω1
( Ip
Ω1
+
Za
c
)
. (26)
The situation changes drastically in the presence of an intense laser field. In
figure 5 we present asymmetric Compton lines S
(3)
Comp calculated at a relatively high
laser-field intensity I = 1 × 1014 Wcm−2. Spectra in figure 5(a) are generated by a
transform-limited (ξ = 0) attosecond x-ray pulse with the duration τ = 1200 asec
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(τFWHM ≈ 2000 asec). In figure 5(b) we use a chirped (ξ = −3) attosecond x-ray
pulse with the duration τ = 300 asec (τFWHM ≈ 1600 asec). Spectra 1 and 2 in figure
5 are produced by a single chirped attosecond pulse arriving at t1=0. Spectra 3 and
4 are generated by two replicas at t1=0 and t2 = pi/2ω0 accordingly. Curves 1 and
3 correspond to photon scattering angle θ=120◦, while curves 2 and 4 correspond to
θ=180◦.
Let us examine the origin of the asymmetry of attosecond Compton lines. From
figure 4 we observe that the maximum of the Compton electron energy in the absence of
the laser field is Ee ≈ 230 eV. This value of Ee corresponds to m = n = 0 in equation
(17). Therefore, this is the boundary between processes of stimulated absorption
(m,n > 0) and emission (m,n < 0). The boundary appears at ~Ω2 ≈ 7.77 keV in the
spectra of scatted photons. Mathematically speaking, the form of the “Volkov part”
of the separable Coulomb-Volkov wavefunction
ΨV (r, t) ∝ exp
{
− i
2
∫ t
[p+AL(t)]
2dt
}
(27)
is the root of the asymmetry. After expanding ΨV (r, t) into a series of Bessel functions,
we note that the effective number of channels of absorption as well as their contribution
to the amplitude of laser-assisted Compton ionization is larger than the number and
contribution from emission channels. At sufficiently high laser-field intensities the
difference between stimulated absorption and emission becomes clearly noticeable:
& 80 photons (& 120 eV) of the laser field are absorbed, and . 60 photons (. 90
eV) of the laser field are emitted. It is remarkable that the asymmetry depends on
positions of the peaks. Note that in spite of the slight difference between the durations
of the pulses in figures 5(a) and 5(b), the spectra differ tremendously for the case of
two replicas. However, the spectra generated by a single pulse with the peak at t1 = 0
deviate quantitatively while retaining similar shapes. Therefore, the quantitative and
qualitative difference in the case of the two replicas is determined by the replica with
the maximum at t2 = pi/2ω0.
Unexpectedly, at high laser-field intensities attosecond interference exhibits
substantial dependence on the relative x-ray laser-field phase and x-ray pulse chirp
not only in differential Compton electron spectra (figures 2–4), but even in Compton
lines, which are integrated over the electron momenta (figure 5).
4. Conclusion
We extend and improve the previous procedure [3, 4, 5, 6, 24, 25] in a completely ab
initio manner and without recourse a semiclassical treatment, by using the potential
of the initial attosecond photon state. We thus develop a rigorous semi-relativistic
analytical theory of laser-assisted attosecond Compton ionization. Strong-laser electric
field acts as an ultrafast phase modulator for the Compton electron wavepackets. The
theory is applicable to arbitrary laser-field polarizations and x-ray pulse parameters.
If the x-ray pulse duration falls below one period of the laser field, two new methods
for measuring hard x-ray pulse durations—attosecond Compton streak camera and
spectral phase interferometry—become feasible. Both techniques require coincidence
measurement of the scattered photon and Compton electron. If the scattered x-ray
pulse is accurately measured, then similar to the photoelectron ASPI, there are no
fundamental limits to the resolution of attosecond Compton scattering measurements.
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Once the x-ray pulse is characterized using a well-understood atom such as
hydrogen, a new frontier of attosecond science will be to utilize the Compton streak
camera to measure unknown dynamics in target systems—nuclei, atoms, molecules or
solids—just as photoelectron attosecond streak camera is used to measure dynamics
initiated by attosecond XUV pulses or by recollision [7].
The relative cross sections of photoionization and Compton scattering are
sensitive to the incident photon energy and ionization potential. In the case of
a weakly bound electron, the Compton channel can be identified due to relatively
low energies of Compton electrons: E
(Comp)
e  E(photo)e . In the delicate case
of laser-assisted ionization, Compton “slow”-electron spectra can be resolved with
much higher accuracy than for the “high”-energy photoelectron. Therefore, in semi-
relativistic hard x-ray low-Za regime, Compton probe spectroscopy remains feasible,
while photoionization probe spectroscopy would require experimentally unattainable
resolution to yield useful information on the attosecond dynamics of the target.
In the hard x-ray regime, even an ultrashort pulse comprises many oscillations
of electromagnetic field and shows many similarities with monochromatic radiation.
As a result, attosecond Compton scattering permits accurate imaging of electronic
structure, without sacrificing either electron momentum or the time resolution.
Once attosecond hard x-ray pulses synchronized to infrared laser fields become
experimentally available, we envision laser-assisted Compton scattering becoming an
indispensable technique in studies of fast processes.
Finally, we demonstrate that treatment of the x-ray field quantization is
essential for characterization of attosecond x-ray pulses through photoionization
processes as well. The photoionization probability (15) depends on ω(1) through
the renormalized incident photon energy Ω′1, see formula (18). This dependence,
which was not previously recognized in the published literature, becomes important
at very short durations of the x-ray pulse. It gives relative contribution of the order
ω(1)/Ω1 ∼ (Ω1τ)−1 to the photoionization probability, and can critically affect the
delicate dependence of the photoelectron spectra on the the x-ray pulse and laser-
field parameters. Chirp-dependent attosecond interferences in the Coulomb-Volkov
continuum [24, 25] are especially sensitive to the new effect. As an example, for
the parameters considered in [37] (τFWHM ≈50 asec and Ω1 ≈100 eV) (Ω1τ)−1 is
approximately 20%, and cannot be neglected.
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Figure 2. Compton streak camera. Electron spectra are produced
by a single x-ray pulses of 100 asec FWHM and different chirps.
The central incident photon energy and the scattered photon energy
are !1 = 8 keV and !2 = 7757 eV. The laser wavelength and
intensity are 800 nm and I = 2× 1012 Wcm−2. Times of the pulse
maxima are t1 = 0 (curves 1) and t1 = pi/2ω0 (curves 2). The value
S0, scattering geometry and plot labels are defined in the text.
occurs at the time when E1 sin(ω0t) is at an extremum. It is
reflected in the dependence of the spectra on the sign of the
chirp: in the case of t1 = 0, at different signs of the chirp, we
can clearly see the difference between spectra (curves 1b and
1c), while the spectra calculated at t1 = pi/2ω0 and ξ = ±3
are identical (curve 2bc).
The energy shift between electron wavepackets, needed
for complete phase measurements, can be induced by laser-
assisted Compton ionization. To demonstrate the Compton
ASPI, we show (figure 3) the Compton electron spectra
generated by two replicas of an attosecond pulse, each with
100 asec FWHM. Times of the pulse maxima are t1 = 0 and
t2 = pi/2ω0. Owing to the time separation of pi/2ω0 between
the replicas, interference is observed in the spectral fringes.
Its periodicity depends slightly on the chirp and Compton
electron energy, as is illustrated in figure 3(b). When the pulse
is positively chirped, the fringes shift to lower energies on the
low-energy side of the spectrum, and to higher energies on
the high-energy side. To reconstruct the spectral phase from
the Compton electron spectrum, one would use the same
algorithm as in the photoelectron ASPI [5, 6].
For comparison, in figure 4 we show atomic energy-
resolved Compton electron spectra generated by longer x-ray
pulses at different laser-field intensities. Spectra shown in
figure 4(a) are generated by a single chirped (ξ = 3) attosecond
(τ = 300 asec) pulse arriving at t1 = 0. Spectra shown in
figure 4(b) are generated by two replicas of chirped (ξ =
−3) attosecond (τ = 300 asec) pulse arriving at t1 = 0
and t2 = pi/2ω0. In both cases, curves 1–4 correspond
to laser-free Compton ionization (1) and laser intensities
I2 = 3 × 1011 W cm−2, I3 = 9 × 1011 W cm−2 and I4 =
4 × 1012 W cm−2 respectively. As in atomic attosecond
photoionization [24, 25], it is possible to distinguish
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Figure 3. Compton spectral phase interferometry. The incident and
scattered photon energies, as well as scattering geometry, laser-field
parameters and S0 are the same as in figure 2. Electron spectra are
generated by two replicas of an attosecond pulse of 100 asec
FWHM. Times of two pulse maxima are t1 = 0 and t2 = pi/2ω0.
Chirp dependence is discussed in the text.
five mechanisms contributing to the development of the
Compton interference pattern. Due to an interplay between
a number of sequential and non-sequential temporal and
spatial interference mechanisms, the shapes and positions
of Compton electron peaks are strongly dependent on the
relative orientation of field polarization directions and other
parameters of the fields. Positions of the individual minima
and maxima can be measured accurately and can be used to
characterize both fields, at least in principle.
3.2. Attosecond Compton lines
We now consider the energy-resolved spectra of scattered
photons, the Compton lines:
d3PComp
d!2 dO2
≡ S(3)Comp =
∫
S
(6)
Comp dp dOe. (22)
5
Figure 3. Compton spectral phase interferometry. The incident and scattered
photon energies, as well as scattering geometry, laser-field parameters and S0 are
the same as in figure 2. Electron spectra are generated by two replicas of an
attosecond pulse of 100 asec FWHM. Times of two pulse maxima are t1=0 and
t2 = pi/2ω0. Chirp dependence is discussed in the text.
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Note that matrix elements, containing the operators ˆG1,2 in the
amplitude (12), can be omitted in the Compton line, since their
contribution to the integral (22) is a second-order correction.
The first-order relativistic corrections to the Compton line arise
from the operator ˆG0.
To take integral (22) numerically, we used the 29th-
order Lebedev grid [35] for the angular part and equidistant
momentum grid with the spacing of ≈1.5 × 10−3 a.u. We
verified convergence of the results by repeating selected
integrals with the 47th-order Lebedev grid [36] and ≈7.5 ×
10−4 a.u. momentum spacing.
Integration in formula (22) leads to the following
result: for experimentally realizable x-ray durations symmetric
normalized Compton lines almost coincide with the laser-free
Compton lines for the same frequencies !1,2 and scattering
angles θ (in our case, at I ! 1013 Wcm−2). Furthermore,
the initial x-ray parameters such as chirp and duration play
a minor role at these moderate laser-field intensities. The
question immediately suggested itself: is there a regime where
the differential probability (22) is directly proportional to
the monochromatic Compton profile d3σCP/d!2 dO2 [20]?
This situation is realized when (i) the oscillations inside the
x-ray pulse are quasi-monochromatic and the laser fields
are of moderate intensity; and simultaneously (ii) the width
of the Compton line due to the initial electronic bound-
state momentum distribution
[
$!
(b)
2 ∼ (Za/c)!1 sin(θ/2)
]
is much broader than the bandwidth of the initial attosecond
photon field
[
$!
(atto)
2 ∼ $!(atto)1 ∼ 1/τ
]
,
τZa!1 sin(θ/2)% c (23)
and (iii) the main contribution to the scattering comes from
the ionization channel. Using the results obtained for
monochromatic Compton line spectra [34], one can find that
for the 1s initial electron state, with the accuracy which is
higher than experimental resolution, the last criterion becomes
h¯!1 sin (θ/2) " 6Za keV. (24)
Then the attosecond Compton lines (22) are given by
S
(3)
Comp ∝
d3σCP
d!2 dO2
= !2
!1
(e1 · e2)2
(2pi)3c4
×
∫
|'i (p)|2δ
(
!1 −!2 − k
2
2
− k · p
)
d3p, (25)
where |'i (p)|2 is the initial electron momentum density. It
should be emphasized that, as in the monochromatic case
(details can be found in [28]), the accuracy of the remarkable
result for the Compton profile d3σCP/d!2 dO2 in formula (25)
is
δ ∼ Ip
!1
(
Ip
!1
+
Za
c
)
. (26)
The situation changes drastically in the presence of an
intense laser field. In figure 5 we present asymmetric Compton
lines S(3)Comp calculated at a relatively high laser-field intensity
I = 1 × 1014 Wcm−2. Spectra shown in figure 5(a) are
generated by a transform-limited (ξ = 0) attosecond x-ray
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Figure 4. Energy-resolved Compton electron spectra generated by a
single chirped attosecond pulse and by two replicas of a single
chirped attosecond pulse. The incident and scattered photon
energies, as well as scattering geometry, and S0 are the same as in
figure 2. Curves 1–4 correspond to the laser-free case (1) and the
laser intensities I2 = 3× 1011 W cm−2, I3 = 9× 1011 W cm−2 and
I4 = 4× 1012 W cm−2 respectively. Other parameters are defined in
the text.
pulse with the duration τ = 1200 asec (τFWHM ≈ 2000 asec).
In figure 5(b) we use a chirped (ξ = −3) attosecond x-ray
pulse with the duration τ = 300 asec (τFWHM ≈ 1600 asec).
Spectra 1 and 2 shown in figure 5 are produced by a single
chirped attosecond pulse arriving at t1 = 0. Spectra 3 and
4 are generated by two replicas at t1 = 0 and t2 = pi/2ω0
accordingly. Curves 1 and 3 correspond to the photon
scattering angle θ = 120◦, while curves 2 and 4 correspond to
θ = 180◦.
Let us examine the origin of the asymmetry of attosecond
Compton lines. From figure 4 we observe that the maximum
of the Compton electron energy in the absence of the laser field
is Ee ≈ 230 eV. This value of Ee corresponds to m = n = 0
in equation (17). Therefore, this is the boundary between
processes of stimulated absorption (m, n > 0) and emission
(m, n < 0). The boundary appears at h¯!2 ≈ 7.77 keV in
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Figure 4. Energy-resolved Compton electron spectra generated by a single
chirped attosecond pulse and by two replicas of a single chirped attosecond pulse.
The incident and scattered photon energies, as well as scattering geometry, and
S0 are the same as in figure 2. Curves 1–4 correspond to the laser-free case (1) and
the laser intensities I2 = 3×1011 Wcm−2, I3 = 9×1011 Wcm−2 and I4 = 4×1012
Wcm−2 respectively. Other parameters are defined in the text.
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Figure 5. Compton lines [in units of S0] at the laser-field intensity
I = 1× 1014 Wcm−2. Spectra 1 and 2 are produced by a single
(transform-limited or chirped) attosecond pulse arriving at t1 = 0,
while spectra 3 and 4 are generated by two replicas at t1 = 0 and
t2 = pi/2ω0 respectively. Curves 1 and 3 correspond to photon
scattering angle θ = 120◦, while curves 2 and 4 correspond to θ =
180◦. Chirps and x-ray pulse durations in (a) and (b) are different
and are defined in the text.
the spectra of scatted photons. Mathematically speaking, the
form of the ‘Volkov part’ of the separable Coulomb–Volkov
wavefunction
$V (r, t) ∝ exp
{
− i
2
∫ t
[p + AL(t)]2 dt
}
(27)
is the root of the asymmetry. After expanding $V (r, t) into a
series of Bessel functions, we note that the effective number
of channels of absorption as well as their contribution to
the amplitude of laser-assisted Compton ionization is larger
than the number and contribution from emission channels.
At sufficiently high laser-field intensities the difference
between stimulated absorption and emission becomes clearly
noticeable: !80 photons (!120 eV) of the laser field are
absorbed, and "60 photons ("90 eV) of the laser field are
emitted. It is remarkable that the asymmetry depends on
positions of the peaks. Note that in spite of the slight difference
between the durations of the pulses shown in figures 5(a)
and 5(b), the spectra differ tremendously for the case of two
replicas. However, the spectra generated by a single pulse with
the peak at t1 = 0 deviate quantitatively while retaining similar
shapes. Therefore, the quantitative and qualitative difference
in the case of the two replicas is determined by the replica with
the maximum at t2 = pi/2ω0.
Unexpectedly, at high laser-field intensities attosecond
interference exhibits substantial dependence on the relative
x-ray laser-field phase and x-ray pulse chirp not only in
differential Compton electron spectra (figures (2)–(4)), but
even in Compton lines, which are integrated over the electron
momenta (figure 5).
4. Conclusion
We extend and improve the previous procedure [3–6, 24, 25]
in a completely ab initio manner and without recourse
a semiclassical treatment, by using the potential of the
initial attosecond photon state. We thus develop a rigorous
semi-relativistic analytical theory of laser-assisted attosecond
Compton ionization. Strong-laser electric field acts as
an ultrafast phase modulator for the Compton electron
wavepackets. The theory is applicable to arbitrary laser-
field polarizations and x-ray pulse parameters. If the x-ray
pulse duration falls below one period of the laser field, two
new methods for measuring hard x-ray pulse durations—
attosecond Compton streak camera and spectral phase
interferometry—become feasible. Both techniques require
coincidence measurement of the scattered photon and
Compton electron. If the scattered x-ray pulse is accurately
measured, then similar to the photoelectron ASPI, there are no
fundamental limits to the resolution of attosecond Compton
scattering measurements.
Once the x-ray pulse is characterized using a well-
understood atom such as hydrogen, a new frontier of
attosecond science will be to utilize the Compton streak
camera to measure unknown dynamics in target systems—
nuclei, atoms molecules or solids—just as the photoelectron
attosecond streak camera is used to measure dynamics initiated
by attosecond XUV pulses or by recollision [7].
The relative cross sections of photoionization and
Compton scattering are sensitive to the incident photon
energy and ionization potential. In the case of a weakly
bound electron, the Compton channel can be identified
due to relatively low energies of Compton electrons:
E
(Comp)
e % E(photo)e . In the delicate case of laser-assisted
ionization, Compton ‘slow’-electron spectra can be resolved
with much higher accuracy than for the ‘high’-energy
photoelectron. Therefore, in a semi-relativistic hard x-
ray low-Za regime, Compton probe spectroscopy remains
feasible, while photoionization probe spectroscopy would
require experimentally unattainable resolution to yield useful
information on the attosecond dynamics of the target.
In the hard x-ray regime, even an ultrashort pulse
comprises many oscillations of the electromagnetic field and
shows many similarities with monochromatic radiation. As
a result, attosecond Compton scattering permits accurate
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Figure 5. Co pton lines [in u its of S0] at the laser field intensity I = 1× 1014
W/cm2. Spectra 1 and 2 are produced by a single (transform-limited or chirped)
attosecond pulse arriving at t1=0, hile spectra 3 and 4 are generated by two
replicas at t1=0 and t2 = pi/2ω0. Curves 1 and 3 correspond to photon scattering
angle θ=120◦, while curves 2 and 4 correspond to θ=180◦. Chirps and x-ray pulse
durations in figures 5(a) and 5(b) are different and are defined in the text.
